Exercise Sheet — Mathematical Analysis III
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Exercise 1. Let f(z,y) = 22 + 2 (z,y) # ( )

0, (z,y) = (0,0)
(1) Show that f is continuous at (0, 0).
(2) Compute the partial derivatives % and % at (0,0).

(3) Determine whether f is differentiable at (0,0).

(4) Discuss the relationship between continuity, existence of partial derivatives, and differentiability
for f at (0,0).

Solution 2. (1) For any (z,y) — (0,0),
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So f(z,y) = 0 as (z,y) — (0,0). Thus, f is continuous at (0,0).

(2) By definition,
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Similarly,
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(3) f is differentiable at (0,0) if

T f(:r:,y)—f(0,0)—fz(0,0)x—fy(0,0)y _
(x,y)—(0,0) Va4 y?
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Here, f(0,0) =0, fx(ovo) =0, fy(O,O) =0, so
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Along z =t, y =t,
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(21 12)3/2 ~ (212)3/2 T 93/2$3 ~ 93/2°
The limit is not 0 along this path, so f is not differentiable at (0, 0).

(4) For f at (0,0), we see:

e f is continuous at (0,0).
o The partial derivatives exist at (0,0).

o f is not differentiable at (0, 0).

This example shows that continuity and existence of partial derivatives at a point do not

guarantee differentiability at that point.

Exercise 3 (Partial derivatives of homogeneous functions). Complete the following exercises.

(1) (Warm up) Compute the following partial derivatives (%, gTCa %):
x z\*
z,y,2) = (x — 2y + 32)%; Ty, 2) = ——m—————— x, ,z—() .
f(y)(y)f(y)\/mf(y)y

(2) A function f(z,y,z) is called a homogeneous function of degree n, if for any p > 0, we have
fpx, py,pz) = p" f(x,y,z). Now verify that the above functions are homogeneous and find their

degrees n.

(3) (Euler’s theorem) Show that x% + y% + Z% =nf(z,y,z).

(Hint: Differentiate the equation f(px, py, pz) = p" f(x,y, z) with respect to p and then set p = 1)

(4) Conversely, show that if f(z,y,z) satisfies the above equation, then f(z,y,z) is a homogeneous

function of degree n.
(5) Show that f.(x,v,z2), fy(x,y,2) and f.(x,y, z) are homogeneous functions of degree n — 1.

(6) Prove that (z2 + ya% +22)2f =n?f.



(7) Examples:

1 1 1
X1 T2 T
A(xy,xo,...,x,) = det x3 x3 22 | = H (x; — ;)
ot aht zn—t
Prove that Y, _, mkgTAk = %A and 37 a% =0.
Solution 4. (1) By direct computation, we have
o f(z,y,2) = (z — 2y + 32)*:
0 0 0
8—£ = 2(x — 2y + 32), 8:7); = —4(z — 2y + 32), 87{: =6(x — 2y + 32).
%
o flz,y,2) = ————:
fx,y,2) T
of y? + 22 of —xy of —xz
9z (B2+42+22)32" By  (B2+y2+22)¥2 0z (a2 4y + 223
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(2) o For f(z,y,2) = (x — 2y + 32)%:

flpx, py, pz) = (px — 2py + 3p2)* = p*(x — 2y + 32)> = p*f(,y, 2).

So, degree n = 2.

» For f(x,y,z)z =

VR + 2+ 2%

px

px 7

fpx, py, pz) = 7

So, degree n = 0.

(p$)2 + (,Oy)2 + (p2)2 N p\/:L‘Z + y2 + 22 o \/1-2 +y2 + 22.



o For f(z,y,2) = (5)

flpz, py, pz) = (ZZ)M - (5)

(3) Differentiate f(pz, py, pz) = p" f(x,y,z) with respect to p:

So, degree n = 0.

d _
dfpf(pa?,py,m) =np" ' f(z,y, 2).

By the chain rule,

d
dfpf(pw, py, pz) = fi(px, py, pz) + yf5(px, py, pz) + 2 f3(px, py, pz).

Thus,
pfi(px, py, pz) + pyfolpz, py, pz) + pzf3(px, py, pz) = npf(x,y, 2).

Setting p = 1, we arrive at the result.

(4) Define
f(po, pyo, p70)
g(p) = o
Then
g (p) = PEoT1(P%0, pY0, p20) + oS5 (p%0, Yo, p20) + P20 S (PT0, PY0, p20) _ 1 (P20, Y0, P20)
prp prit '

Noticing that zf, + yf, + 2f. = nf(z,y, z), then the numerator equals nf(pzo, pyo, p2o), SO
g'(p) =0.
For any p > 0, g(p) is a constant. Recalling that g(1) = f(xo, y0, 20), we have
9(p) = f(z0, Yo, 20),

which implies the desired result.

(5) Let f be homogeneous of degree n. Then
flpx, py, pz) = p" f(2,y, 2).
Differentiate both sides with respect to x:
pfi(pz, py, pz) = p" f1(,y, 2).

So,
fi(pz, py, pz) = p" ' fi(2,y, 2).

Thus, f., fy, f. are homogeneous of degree n — 1.



6) If you see D := z-2 + y-2. By Euler’s theorem, we have
ox Jy
D(Df) = D(nf) = n*f.

This also could be directly verified by chain rule:
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—nf+o (=D +y- (-1
—nf+(n—1)nf
=n’f.

Remark (The other understanding): we see that (za%—i—ya )? equals to x* a 2 +21:y aray +? ay )

Then we have
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[(a) % (50)] #o o3 (o) v (3)

0

::r~(n—1)a£+y-(n—1)8§

=n(n—1)f.

For the second understanding, try to prove that
<J;aax+yaay) f=nn-1)---(n—m+1)f. (1)

For m = 1, the equation is valid.
For m = k, we suppose that the equation is valid.
What we need to do is to prove that it holds for m = k 4+ 1. As it holds for m = k, we have
s OFf
Z (C,ﬁz”y ZW) =nn—1)---(n—k+1)f(tx,ty) =n(n—1)---(n — k+ )t" f(z,y).
(tz,ty)

Differentiate t* in both sides:

Zci i, k—i 8kf
OxtOyk—1

=nn—1)-(n—k+ 1)t" " f(z,y). (2)

(tx,ty)




Now we differentiate the both side of the above equation with respect to ¢. Noting the chain

rule
d ok f _ oFtLf oFtLf
dt \ Ozioyk—1 o) Ozt +loyk—i (o) OziQyk+i=i (o)
Thus the ¢-derivative of the Lh.s of (2) equals to
k
Z Cz H—l k—1 akJrlf + Cz xlyk-‘rl i ak+1f
Qxit1oyk—i k dxidyk+1-i
i=0 (tz,ty) (tz,ty)
k+1
‘ 4 gk k+1
_ chiflxzyk—i—l—l : kf‘ - +ch i, k+1—1 : kfl ‘
= oxtoyk—it Ozt oyk+1-i
i=1 (tx,ty) k=0 (tz,ty)
k+1
R
T s k+12Y Ozt Qyk+1-i ’
=0 (tx,ty)

where we used Cj + C; ' = Cj,, for the last “=".
Thus

Kitg L OFFLf

Z C,H_lﬂ ReFl= ZW = TL(TL — 1) oo (’TL = k + 1)(TL — k)tnikilf(x, y)

(tz,ty)

Taking ¢t = 1 in the above equation, we reach that the equation (1) holds for m =k + 1.

(7) First, recall that A is a homogeneous polynomial of degree d = @ in the variables x4, ..., x,
(since there are n(n — 1)/2 factors, each linear in ;). By Euler’s theorem for homogeneous

functions,
& (n—1)
_MRZ A,
Z $k 8$k 2

Secondly, notice that A admits the translation invariance, i.e., A(zq,...,2,) = A(z; +
t,...,x, +t) for any t € R.
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